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We obtain the exact analytical solutions of both angular and radial parts of the Klein-
Gordon equation describing a charged massive scalar field in the electrically charged
Garfinkle-Horowitz-Strominger dilaton black hole spacetime. These solutions of the an-
gular and radial parts are given in terms of the spherical harmonics and the confluent
Heun functions, respectively. Furthermore, we discuss the physical phenomena related to
resonant frequencies associated to this field, and also some aspects related to its Hawking
radiation. The special case of a Schwarzschild spacetime is also examined.
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1. Introduction
The general theory of relativity predicts the existence of black holes which, initially,
were considered as a simple mathematical consequence of Einstein’s equations rather
than real objects existing in some region of our Universe. Nowadays, with the re-
cent detection of gravitational waves produced in black holes collisions1 and more
1
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recently, the measurements of the properties of a source in M87 compatible with the
presence of a central Kerr black hole,2 it will motivate a series of searching about
these objects, which will be carried out in the next decades. Thus, we have now
sufficient motivation to study these objects. On the other hand, from the theoret-
ical point of view, the studies about black holes will help us to better understand
their physics and possibly to formulate a theory reconciling quantum mechanics and
gravity.
The spacetime generated by a black hole with large mass as compared to the
Planck mass, has small curvature in the region surrounding the horizon and out-
side it. in these regions, the equations describing gravity in the context of string
theory can be approximated by Einstein’s equations. Thus, in this scenario, the
Schwarzschild solution of general relativity could be a good approximation to de-
scribe static ans uncharged black holes in the string theory. But, when we consider
the solutions of the Einstein-Maxwell equations, the predictions of theory differ from
the ones obtained in general relativity due to the presence of a scalar field called
dilaton which couples with Maxwell field and changes completely the properties of
the black hole. One example which confirms this fact is the solution of Reissner-
Nordstro¨m which describes a static and charged spherically symmetric black hole
in general relativity. This spacetime is not a solution of the string theory even ap-
proximately, at low energy regime. Thus, the addition of the dilaton field changes
the properties of the black holes. The first studies on the solutions of black holes
in the context of string theory were performed in the 1980’s.3–7 In the early 1990’s,
Garfinkle, Horowitz and Strominger obtained a solution which corresponds to static
and charged spherically symmetric black hole in the low energy limit of string the-
ory8 and Sen obtained an asymptotically flat black hole solution in the same limit
of the string theory.9
These black holes solutions in string theory are important due to the fact that
this theory is a good candidate for an eventual quantum theory of gravity. In addi-
tion to this fact, these solutions are of some in the framework of general relativity.
In this paper we will focus on a family of spherically symmetric static charged
black hole solutions obtained in the low energy limit of heterotic string field in
(3+1)-dimensions, know as the Garfinkle-Horowitz-Strominger dilaton black hole
(GHS dilaton black hole).8 in this spacetime we will consider a charged and massive
scalar field. The solution of the Klein-Gordon equation, in this background, will be
found and its radial part, which is given in terms of the confluent Heun functions,
will be used to determine the resonant frequencies and to discuss the Hawking
radiation of scalar particles.
Other studies were performed in the GHS dilaton black hole spacetime, as for
example, on some aspects of thermodynamics,10–12 the quasinormal modes,13, 14
resonance spectra,15, 16 and about the behavior of quantum particles.17, 18
The resonant frequencies are one of the essential characteristics of a black hole
and can be used to detect the existence of a black hole as well as to identify it by
comparing these frequencies with the ones obtained in the universe. As we are con-
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sidering the interaction between a GHS dilaton black hole and scalar fields, in order
to obtain these resonant frequencies we impose that the Heun functions, which are
solutions of the radial part of the Klein-Gordon equation, should have a polynomial
form. We also use this solution in terms of Heun functions to study the Hawking
radiation of scalar particles in the GHS dilaton black hole background spacetime.
It is worth calling attention to the fact that this radiation19, 20 is associated with
interaction of quantum fields and the curvature of the spacetime and therefore it
is an interesting semi-classical phenomena which can give us some insights in the
physics of a black hole and for this reason should be investigated. These results, that
concerning the resonant frequencies,21, 22 as well as the ones related to the Hawking
radiation, are compared with similar results obtained in the Schwarzschild black
hole spacetime and thus showing explicitly the role played the dilaton field.
This paper is organized as follows. In Section 2, we obtain the solutions of the
Klein-Gordon equation for a charged massive scalar field in the GHS dilaton black
hole spacetime. In Section 3, we find the resonant frequencies for both massive and
massless scalar particles. In Section 4, we investigate some aspects of the thermo-
dynamics and examine the Hawking radiation. Finally, in Section 5, the conclusions
are given.
2. Klein-Gordon equation in the GHS dilaton black hole
In this work we consider the solution obtained from the low energy effective action
in string theory by dropping all the fields, except the metric gστ , the dilaton φ and
the Maxwell field Fστ . This corresponds to the static, spherically symmetric and
charged dilaton black hole called GHS dilaton black hole,8 whose metric is given by
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r(r − a) dΩ2 , (1)
with
dΩ2 = dθ2 + sin2 θ dϕ2 . (2)
This kind of black hole with electric or magnetic charge surrounded by a scalar
field and dilaton was studied in different contexts, specially in string theories in
which case it arises as a solution in the low energy regime in an effective four-
dimensional theories.
The parameter a is related to the dilaton field, namely,
a =
Q2e−2φ0
M
, (3)
where φ0 is the asymptotic value of the dilaton field, such that
e−2φ = e−2φ0
(
1− Q
2e−2φ0
Mr
)
, (4)
with M and Q being the physical mass (total mass) and the magnetic or electric
charge of the GHS dilaton black hole, respectively. The metric given by Eq. (1) is
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similar to the Schwarzschild metric with a difference that the area of the sphere for
t and r constants corresponding to GHS dilaton black hole depends on the charge
(intensity of the dilaton field). On the other hand, this metric is completely different
from the Reissner-Nordstro¨m metric.
For our purposes, let us focus on φ0 = 0. In this case, we have
14
a =
Q2
M
. (5)
Notice that when the electric charge is zero, Q = 0, which implies a = 0, we have
a limiting case which corresponds to the Schwarzschild spacetime. Thus, the GHS
dilaton black hole differs from the Schwarzschild black hole due to the presence of
the scalar field called dilaton. This field will change the properties of the black hole
geometry as compared with the geometry of the Schwarzschild black hole.
Now, let us examine the interaction between charged scalar fields and the GHS
dilaton black hole. In order to do this, we will consider the Klein-Gordon equation,
which can be write as[
1√−g∂σ(g
στ√−g∂τ )− ie(∂σAσ)− 2ieAσ∂σ − ie√−gA
σ(∂σ
√−g)
−e2AσAσ − µ20
]
Ψ = 0 , (6)
with
√−g = r(r − a) sin θ , (7)
where µ0 is the mass of the scalar particle, and e is the charge of the particle. The
units where G ≡ c ≡ ~ ≡ 1 were chosen. As we are considering that the GHS
dilaton black hole is electrically charged, we have that the 4-vector electromagnetic
potential is given by23
Aσdx
σ = −Q
r
dt . (8)
Thus, substituting Eq. (1) into Eq. (6), we obtain{
−r
2(r − rd)
r − rh
∂2
∂t2
+
∂
∂r
[
(r − rh)(r − rd) ∂
∂r
]
− L2
− 2ieQ
r − rh r(r − rd)
∂
∂t
+
e2Q2(r − ra)
r − rh − r(r − rd)µ
2
0
}
Ψ = 0 , (9)
where rh = 2M , rd = a, and L
2 is the angular momentum operator given by
L2 = − 1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
− 1
sin2 θ
∂2
∂ϕ2
. (10)
Due to the spacetime symmetry we can separate the scalar wave function as
Ψ(r, t) = R(r)Y ml (θ, ϕ)e
−iωt , (11)
where Y ml are the spherical harmonics, l = {0, 1, 2, ...} and |m| ≤ l are the orbital
and the azimuthal quantum numbers, respectively. The frequency (energy) is taken
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as ω > 0, which corresponds to the flux of particles at infinity. Therefore, by using
this separation of variables, we can write Eq. (9) as
d
dr
[
(r − rh)(r − rd)dR
dr
]
+
[
r − rd
r − rh (ωr − eQ)
2 − λlm − r(r − rd)µ20
]
R = 0 , (12)
where λlm = l(l+ 1).
In what follows, we will obtain the radial solution, R(r), of the Klein-Gordon
equation.
2.1. Radial equation
Until recently, expressions for the solutions of the radial Klein-Gordon equation in
the GHS dilaton black hole spacetime are know only in the asymptotic regimes,
namely, very close to event horizon and far from the black hole.24, 25 Otherwise, it
is possible to know the solution in whole spacetime, but only numerically.13, 26, 27
Nowadays, we know an exact solution for a scalar field in the GHS dilaton black
hole spacetime, but magnetically charged.17 In what follows we will obtain the exact
analytical solution of the radial equation, in the case under consideration, namely,
a GHS dilaton black hole electrically charged.
Thus, to solve exactly Eq. (12) we use the procedure developed in our recent
papers (see for example28–30 and references therein). Adopting this procedure, the
general solution of the radial equation, given by Eq. (12), in the region exterior to
the event horizon, is given by
R(x) = e
1
2
αxx
1
2
β{C1 HeunC(α, β, γ, δ, η;x)
+C2 x
−β HeunC(α,−β, γ, δ, η;x)} , (13)
where
x =
r − rh
rd − rh , (14)
with C1 and C2 being constants, and the parameters α, β, γ, δ, and η given by
α = 2(rh − rd)(µ20 − ω2)
1
2 , (15)
β = 2i(ωrh − eQ) , (16)
γ = 0 , (17)
δ = (rh − rd)[2eQω + rh(µ20 − 2ω2)] , (18)
η = −λlm − δ . (19)
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This result is achieved by taking into account that β is not necessarily an integer,
these two functions are linearly independent solutions of the confluent Heun differ-
ential equation, which can be written as31
d2U
dz2
+
(
α+
β + 1
z
+
γ + 1
z − 1
)
dU
dz
+
(
µ
z
+
ν
z − 1
)
U = 0 , (20)
where U(z) = HeunC(α, β, γ, δ, η; z) are the confluent Heun functions, with the
parameters α, β, γ, δ and η, related to µ and ν through the expressions
µ =
1
2
(α− β − γ + αβ − βγ)− η , (21)
ν =
1
2
(α+ β + γ + αγ + βγ) + δ + η . (22)
Therefore, we have obtained an analytical solution of the Klein-Gordon equa-
tion in the background under consideration in the whole space, which means that
includes the regions nearby the event horizon and far from the black hole.
Next, we will consider the obtained radial solution to investigate two interesting
phenomena, namely, the resonant frequencies and Hawking radiation.
3. Resonant frequencies
In this section, we use the recently developed technique21 to compute the resonant
frequencies for scalar waves propagating in a GHS dilaton black hole. They are
associated with the solution given by Eq. (13), with the boundary conditions that
the radial solution should be finite on the exterior event horizon and well behaved
at asymptotic infinity. The first condition is completely satisfied as we will see from
the wave solution which describes the Hawking radiation in this background. The
latter condition demands that R(x) must be a polynomial. Indeed, the function
HeunC(α, β, γ, δ, η;x) turns to be a polynomial of degree n if it satisfies the δ-
condition, which is given by
δ
α
+
β + γ
2
+ 1 = −n , (23)
where n = {0, 1, 2, . . .} is a quantum number.
Thus, substituting Eqs. (15)-(18) into Eq. (23), we obtain the expression from
which we can determine the resonant frequencies associated to scalar particles in
the background under consideration, which is given by
2eQω + rh(µ
2
0 − 2ω2)
2(µ20 − ω2)
1
2
+ i(ωrh − eQ) = −(n+ 1) . (24)
Equation (24) can be written as a fourth order equation for ω, namely,
−2r2hω4 + 2rh(in+ 2eQ+ i)ω3
+(n2 − 2ineQ+ 2n− 2e2Q2 − 2ieQ+ 2µ20r2h + 1)ω2
−iµ20rh(2n− 3ieQ+ 2)ω
−1
4
µ20(4n
2 − 8ineQ+ 8n− 4e2Q2 − 8ieQ+ µ20r2h + 4) = 0 . (25)
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Equation (25) is similar to a quartic equation,32 which is an equation that equates
a quartic polynomial to zero, and has the form
B4y
4 +B3y
3 +B2y
2 +B1y +B0 = 0 , (26)
where B4 6= 0. In fact, we can evaluate Eq. (25) by using an algebraic manipulation
program. However, the final expression is so long that no insight is gained by writing
it out.
On the other hand, this quantization rule involves a complex number, that is,
a frequency (energy) spectrum such that ω = ωR + i ωI , where ωR and ωI are
the real and imaginary parts, respectively. Indeed, the main feature of the resonant
frequencies corresponds to the decay rate of the oscillation, which is characterized by
the imaginary part. Note that the eigenvalues given by Eq. (24) are not degenerate,
due to the fact that there is no dependence on the eigenvalue λlm. We may obtain
numerically two values for the resonant frequencies, given by Eq. (24), by using the
FindRoot function in the Wolfram MathematicaR© 9, such that (ω − ω(1)n )(ω −
ω
(2)
n ) = 0.
The resonant frequencies for n = 0, e = 0.1, and µ0 = 0.6 are shown in Tables
1 and 2, where the units M = 1 were chosen.
Table 1. The scalar resonant
frequencies ω
(1)
n of a GHS dila-
ton black hole for e = 0.1
and µ0 = 0.6. Note that we
have focused on the fundamen-
tal mode (n = 0).
a Re[ω
(1)
0 ] Im[ω
(1)
0 ]
0.01 0.00455 0.16642
0.04 0.00911 0.16639
0.09 0.01366 0.16635
0.16 0.01822 0.16629
0.25 0.02277 0.16621
0.36 0.02733 0.16611
0.49 0.03189 0.16599
0.64 0.03645 0.16586
0.81 0.04101 0.16571
1.00 0.04557 0.16554
1.21 0.05014 0.16535
1.44 0.05471 0.16514
1.69 0.05928 0.16491
1.96 0.06385 0.16467
2.25 0.06843 0.16441
The resonant frequencies that we obtained are shown in Figs. 1, 2, 3, and 4 as a
function of n, a, e, and µ0, respectively. The units were chosen as multiples of M .
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Table 2. The scalar resonant
frequencies ω
(2)
n of a GHS dila-
ton black hole for e = 0.1
and µ0 = 0.6. Note that we
have focused on the fundamen-
tal mode (n = 0).
a Re[ω
(2)
0 ] Im[ω
(2)
0 ]
0.01 -0.58659 0.04292
0.04 -0.58637 0.04406
0.09 -0.58616 0.04522
0.16 -0.58595 0.04638
0.25 -0.58574 0.04754
0.36 -0.58554 0.04872
0.49 -0.58535 0.04990
0.64 -0.58516 0.05110
0.81 -0.58497 0.05230
1.00 -0.58479 0.05350
1.21 -0.58461 0.05472
1.44 -0.58444 0.05594
1.69 -0.58427 0.05716
1.96 -0.58410 0.05840
2.25 -0.58394 0.05964
æ
æ
æ
æ
æ
æ
à
à
à
à
à
à
ì
ì
ì
ì
ì
ì
ò
ò
ò
ò
ò
ò
n  0
n  1
n  2
n  3
n  4
n  5
0.0145 0.0150 0.0155 0.0160
Re@ΩnH1LD
0.5
1.0
1.5
Im@ΩnH1LD
æ Μ0=0.1 à Μ0=0.2 ì Μ0=0.3 ò Μ0=0.4
Fig. 1. The scalar resonant frequencies of a GHS dilaton black hole as a function of n for e = 0.1
and a = 0.1.
3.1. Massless case
In the case where we have a massless scalar field, the expression for the resonant
frequencies can be analytically solved for ωn. It is given by
ωn =
eQ
rh
+ i
n+ 1
2rh
, (27)
where the quantum number n is a positive integer or zero.
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æ æ æ æ
à à à à
ì ì ì ì
ò ò ò ò
a  0.5 a  1. a  1.5 a  2.
0.04 0.05 0.06 0.07
Re@ΩnH1LD
0.2
0.4
0.6
0.8
1.0
Im@ΩnH1LD
æ n=0 à n=1 ì n=2 ò n=3
Fig. 2. The scalar resonant frequencies of a GHS dilaton black hole as a function of a for e = 0.1
and µ0 = 0.4.
æ æ æ æ æ æ
à à à à à à
ì ì ì ì ì ì
ò ò ò ò ò ò
e

0.
1
e

0.
2
e

0.
3
e

0.
4
e

0.
5
e

0.
6
0.05 0.10 0.15 0.20 0.25 0.30 0.35
Re@ΩnH1LD
0.2
0.4
0.6
0.8
1.0
Im@ΩnH1LD
æ n=0 à n=1 ì n=2 ò n=3
Fig. 3. The scalar resonant frequencies of a GHS dilaton black hole as a function of e for a = 1.1
and µ0 = 0.5.
The field energies given by Eq. (27) are not degenerate, due to the fact that
there is no dependence on the eigenvalue λlm. The resonant frequencies for n = 1,
e = 1.1, and µ0 = 0 are shown in Table 3. In Figs. 5 and 6, we present the resonant
frequencies as function of a and e, respectively. The units were chosen as multiples
of M .
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Re@ΩnH1LD
0.2
0.4
0.6
0.8
1.0
Im@ΩnH1LD
æ n=0 à n=1 ì n=2 ò n=3
Fig. 4. The scalar resonant frequencies of a GHS dilaton black hole as a function of µ0 for e = 0.1
and a = 1.6.
Table 3.
The massless scalar resonant
frequencies of a GHS dilaton
black hole for e = 1.1. Note
that we have focused on the
first excited mode (n = 1).
a Re(ω1) Im(ω1)
0.01 0.055 0.500
0.04 0.110 0.500
0.09 0.165 0.500
0.16 0.220 0.500
0.25 0.275 0.500
0.36 0.330 0.500
0.49 0.385 0.500
0.64 0.440 0.500
0.81 0.495 0.500
1.00 0.550 0.500
1.21 0.605 0.500
1.44 0.660 0.500
1.69 0.715 0.500
1.96 0.770 0.500
2.25 0.825 0.500
3.2. Special case: Schwarzschild spacetime
In the case where a = 0, we get the Schwarzschild black hole. In this scenario, the
expression for the resonant frequencies turns into
n+ 1− rh(µ
2
0 − 2ω2)
2
√
µ20 − ω2
+ irhω = 0 . (28)
The resonant frequencies associated to massive scalar particles in the
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a  0.5 a  1. a  1.5 a  2.
0.04 0.05 0.06 0.07
ReHΩnL
0.2
0.4
0.6
0.8
1.0
ImHΩnL
æ n=0 à n=1 ì n=2 ò n=3
Fig. 5. The massless scalar resonant frequencies of a GHS dilaton black hole as a function of a
for e = 0.1.
æ æ æ æ æ æ æ æ æ æ
à à à à à à à à à à
ì ì ì ì ì ì ì ì ì ì
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e

0.
1
e

0.
2
e

0.
3
e

0.
4
e

0.
5
e

0.
6
e

0.
7
e

0.
8
e

0.
9
e

1.
0.1 0.2 0.3 0.4 0.5
ReHΩnL
0.2
0.4
0.6
0.8
1.0
ImHΩnL
æ n=0 à n=1 ì n=2 ò n=3
Fig. 6. The massless scalar resonant frequencies of a GHS dilaton black hole as a function of e
for a = 1.1.
Schwarzschild spacetime are shown in Tables 4-7 and Figs. 7-8. The units were
chosen as multiples of M .
Thus, taking into account a massless scalar field, we find the following expression
for the resonant frequencies
ωn =
i(n+ 1)
2rh
, (29)
which are shown in Table 8 and Fig. 9. The units were chosen as multiples of M .
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Table 4. The scalar reso-
nant frequencies ω(1) of a
Schwarzschild black hole as
function of µ0. Note that we
have focused on the funda-
mental mode (n = 0).
µ0 Re[ω
(1)
0 ] Im[ω
(1)
0 ]
0.1 -0.09957 0.00017
0.2 -0.19753 0.00199
0.3 0.00000 0.23611
0.4 0.00000 0.21924
0.5 0.00000 0.19581
0.6 0.00000 0.16643
0.7 0.00000 0.13169
0.8 0.00000 0.09209
0.9 0.00000 0.04808
Table 5. The scalar reso-
nant frequencies ω(2) of a
Schwarzschild black hole as
function of µ0. Note that we
have focused on the funda-
mental mode (n = 0).
µ0 Re[ω
(2)
0 ] Im[ω
(2)
0 ]
0.1 0.00000 0.24965
0.2 0.00000 0.24602
0.3 -0.29440 0.00695
0.4 -0.39118 0.01538
0.5 -0.48852 0.02709
0.6 -0.58681 0.04178
0.7 -0.68624 0.05916
0.8 -0.78691 0.07895
0.9 -0.88888 0.10096
Table 6. The scalar reso-
nant frequencies ω(1) of a
Schwarzschild black hole for
µ0 = 0.1.
n Re[ω
(1)
0 ] Im[ω
(1)
0 ]
0 -0.09957 0.00017
1 -0.09988 0.00002
2 -0.09995 0.000007
3 -0.09997 0.000003
4 -0.09998 0.000001
5 -0.09999 0.0000009
6 -0.09999 0.0000005
7 -0.09999 0.0000003
8 -0.09999 0.0000002
9 -0.10000 0.0000001
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Table 7. The scalar reso-
nant frequencies ω(2) of a
Schwarzschild black hole for
µ0 = 0.1.
n Re[ω
(2)
0 ] Im[ω
(2)
0 ]
0 0.00000 0.24965
1 0.00000 0.49995
2 0.00000 0.74999
3 0.00000 0.99999
4 0.00000 1.25000
5 0.00000 1.50000
6 0.00000 1.75000
7 0.00000 2.00000
8 0.00000 2.25000
9 0.00000 2.50000
æ
æ
æ
æ
æ
à
à
à
àà
ì
ì
ì
n  1
n  2
n  3
n  4
n  5
-0.4 -0.3 -0.2 -0.1
Re@ΩnH1LD
0.001
0.002
0.003
0.004
Im@ΩnH1LD
æ Μ0=0.4 à Μ0=0.3 ì Μ0=0.2
Fig. 7. The scalar resonant frequencies ω1 of a Schwarzschild black hole as a function of µ0.
4. Some aspects of Hawking radiation
In this section, we will study and discuss some aspects of the black body radiation
emitted by a GHS dilaton black hole. In order to do this, we need to consider the
radial solution near the exterior event horizon, that is, to analyze the radial solution
when r → rh which implies that x→ 0.
First, let us consider the expansion in power series of the confluent Heun function
with respect to the independent variable x, in a neighborhood of the regular singular
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Fig. 8. The scalar resonant frequencies ω2 of a Schwarzschild black hole as a function of µ0.
Table 8. The massless
scalar resonant frequencies
of a Schwarzschild black
hole.
n Re(ωn) Im(ωn)
0 0.00000 0.25000
1 0.00000 0.50000
2 0.00000 0.75000
3 0.00000 1.00000
4 0.00000 1.25000
5 0.00000 1.50000
6 0.00000 1.75000
7 0.00000 2.00000
8 0.00000 2.25000
9 0.00000 2.50000
point x = 0,33 which can be written as
HeunC(α, β, γ, δ, η;x) = 1 +
1
2
(−αβ + βγ + 2η − α+ β + γ)
(β + 1)
x
+
1
8
1
(β + 1)(β + 2)
(α2β2 − 2αβ2γ + β2γ2
− 4ηαβ + 4ηβγ + 4α2β − 2αβ2 − 6αβγ
+ 4β2γ + 4βγ2 + 4η2 − 8ηα+ 8ηβ + 8ηγ
+ 3α2 − 4αβ − 4αγ + 3β2 + 4βδ
+ 10βγ + 3γ2 + 8η + 4β + 4δ + 4γ)x2 + ... . (30)
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n  0
n  1
n  2
n  3
n  4
n  5
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1.4
Im@ΩnD
Fig. 9. The massless scalar resonant frequencies of a Schwarzschild black hole as a function of n.
Thus, in this limit, the radial solution given by Eq. (13) becomes
R(r) ∼ C1 (r − rh)β/2 + C2 (r − rh)−β/2 , (31)
where we have only considered contributions of the first term in the expansion, and
all constants are included in C1 and C2. Then, considering the solution of the time
dependence, near the exterior event horizon rh of the GHS dilaton black hole, we
can write
Ψ = e−iωt(r − rh)±β/2 . (32)
Taking into account the Eq. (16), the parameter β can be rewritten as
β
2
= i(ωrh − eQ) = i
2κh
(ω − ωh) , (33)
where
ωh = eΦh , (34)
with Φh being the electric potential nearby the exterior event horizon ans is given
by
Φh(M,a) =
∂M
∂Q
∣∣∣∣
Sh
=
√
aM
rh
. (35)
The parameter κh is the gravitational acceleration on the background exterior event
horizon surface, and can be written as
κh =
1
2rh
. (36)
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Therefore, in the GHS dilaton black hole exterior horizon surface, the ingoing
and outgoing wave solutions are given by
Ψin = e
−iωt(r − rh)−
i
2κ
h
(ω−ωh) , (37)
Ψout(r > rh) = e
−iωt(r − rh)
i
2κ
h
(ω−ωh) . (38)
Next, we obtain the following expression for the relative scattering probability
of the scalar wave at the exterior event horizon surface
Γh(ω) =
∣∣∣∣Ψout(r > rh)Ψout(r < rh)
∣∣∣∣
2
= e
−
2pi
κ
h
(ω−ωh) = e−βh(ω−ωh) , (39)
where the thermodynamic quantity βh is given by
βh =
1
kBTh
, (40)
with Th being the Hawking temperature, which is related to the gravitational ac-
celeration by the expression
Th =
∂M
∂Sh
∣∣∣∣
Q
=
κh
2pi
, (41)
which is the same of the Schwarzschild black hole.
Thus, by using the method developed by Damour-Ruffini-Sannan,34, 35 we get
the resulting Hawking radiation spectrum of charged massive scalar particles (mean
number of particles emitted), which is written as
N¯ω =
Γh
1− Γh =
1
eβh(ω−ωh) − 1 . (42)
That is the black body spectrum described by scalar particles which are emitted
from the GHS dilaton black hole. Indeed, this is a finite solution for the wave
function near the exterior event horizon of the background taken into account.
In the limit where ω is a continuous variable, this yields a total rate of particle
emission, namely,
dN
dt
=
∫ ∞
0
N¯ω
2pi
dω =
1
βh
ln
(
1
1− eβhωh
)
. (43)
The mass loss rate can be calculated as
dM
dt
= − 1
2pi
∫ ∞
0
N¯ω ω dω = − 1
2pi
1
β2h
Li2(e
βhωh) , (44)
where Lin(z) is the poly-logarithm function with n running from 1 to ∞.
The flux of scalar particles, Φ, at infinity, i.e., far from the GHS dilaton black
hole, is given by
Φ =
∣∣∣∣dMdt
∣∣∣∣ = 12pi
1
β2h
Li2(e
βhωh) . (45)
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Finally, according to the canonical assembly theory,36 considering that the fre-
quency (energy) is continuous, the free energy of the scalar particle, Fe, can be
expressed as
Fe = −
∫ ∞
0
Γh(ω)
eβh(ω−ωh) − 1 dω =
eβhωh + ln(1− eβhωh)
βh
. (46)
In Fig. 10 is shown the free energy of the scalar particle as a function of M , for
different values of Q. Note that the free energy of the scalar particle will be a
real number only if the magnetic charge Q or the charge of the scalar particle e is
negative.
0.5 1.0 1.5 2.0 2.5 3.0
M
-0.07
-0.06
-0.05
-0.04
-0.03
-0.02
-0.01
Fe
Q=0.1 Q=0.6 Q=1.1 Q=1.6
Fig. 10. Free energy of the scalar particle in a GHS dilaton black hole as a function of M for
e = −0.1.
5. Summary and discussion
In this work, we have studied the interaction between scalar fields and the GHS
dilaton black hole, and solved the Klein-Gordon equation and then investigated
some physical process which correspond to the resonant frequencies and Hawking
radiation.
These solutions extend the ones known in the literature, in the sense that now
we have analytic solutions that are valid for all spacetime, which means, in the
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region between the event horizon and infinity, differently from the results obtained
in23, 24, 36 which are valid only in asymptotic regions, namely, very close to the
interior event horizon and far from the black hole. This approach has the advantage
that it is not necessary to introduce any coordinate system, as for example, the
particular ones used in.37 Furthermore, this approach can be used, in principle, to
study the absorption probability, cross section, and scattering wave of scalar fields
in a general black hole spacetime.
We have imposed boundary conditions to the radial solution of the Klein-Gordon
equation in order to analyze the resonant frequencies and then obtained a general
expression for these oscillations. By using a numerical approach, we present some
values for the resonant frequencies as a function of the involved parameters. We
also presented the massless resonant frequencies.
Considering the resonant frequencies we can conclude that for the fundamental
mode, taking into account a massive field, the real and imaginary parts of the
resonant frequencies ω
(1)
0 of the quasispectrum decreases when the parameter a,
which codifies the presence of the dilaton, decreases, as shown in Table 1. For fixed
value of a, the behaviors of the real and imaginary parts of the resonant frequencies,
for different modes, is shown in Fig. 1. Similarly, in Table 2 and Fig. 2, the behaviors
of ω
(2)
0 and ω
(2)
n (n = {0, 1, 2, 3}) are shown, respectively.
Figure 3 shows that for fixed values of a and µ0, for the modes n = {0, 1, 2, 3},
the real part of ω
(1)
n increases with the value of the charge e, while the imaginary
part decreases slightly. Fig. 4 shows the behavior of the resonant frequencies, but
now as a function of µ0, for different modes.
For the fundamental mode, the behavior is not regular, while for the others
modes, namely, n = {1, 2, 3}, the real part of the resonant frequencies increases
with the decreasing of µ0, while the imaginary part is approximately constant.
A massless scalar field was also considered, whose behavior of the resonant fre-
quencies is shown in Table 3 for the first excited mode. Note that the real part
increases, while the imaginary part is constant, with the increasing of the param-
eter a. This behavior is reconfirmed in Figs. 5 and 6, when different modes are
considered, for fixed values of the charge e and the parameter a, respectively.
Table 4 shows the behavior of the resonant frequencies for different values of µ0,
in the Schwarzschild case, for the fundamental mode. Comparing the results taking
the values of µ0 from 0.1 to 0.6 of this Table with the results shown in Fig. 3 for
n = 0, we can see how is the effect of the presence of the dilaton, in this particular
case, which should happens for all others configurations, as should be expected.
Similarly, comparing Fig. 8 with Fig. 4 and Fig. 9 with Fig. 5, we can see how is
the role played by the dilaton.
Comparing Tables 1 and 2 with Tables 4, 5, 6 and 7 for the massive case, we
can see the influence of the dilaton. Also comparing Tables 3 and 8, for the massless
case, the role made by the dilaton becomes evident.
The Hawking radiation spectrum was obtained from the asymptotic behavior of
the radial solution at the exterior event horizon, where we have used the expansion
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in power series of the confluent Heun function.
Finally, we obtained the Hawking flux of scalar particles from the GHS dilaton
black hole given by Eq. (45), from which we can conclude that this quantity depends
on the parameter which codifies the presence of the dilaton through its influence on
the Hawking temperature.
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